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Simulation of Turbulent Fluctuations

Giovanni Mengali* and Marco Michelit
University of Pisa, Pisa 56126, Italy

A simulation technique is used to generate three signals representing the time variation of the velocity components
in turbulent flows. This technique makes use of a bank of linear filters driven by non-Gaussian white noises. The
filter impulse responses are chosen so as to obtain specified second-order (spectral) characteristics at the filter
outputs. Higher order moments can also be accommodated by further specifying the statistical properties of the
driving noises. The signals generated in this way may be employed to solve various engineering problems such
as, for example, to test the adequacy of measurement methods based on hot-wire anemometry or to obtain gust
velocity components suitable for applications in flight simulators.

I. Introduction

N many situations of aeronautical interest the problem arises of

generating signals that represent, in a “realistic” way, the velo-
city components experienced in turbulent flows. To give an exam-
ple, consider modeling the atmospheric turbulence for use in flight
simulators. It is well known that simulation is a tool of primary
importance in analyzing aircraft handling qualities and in assessing
their performance when control systems are employed. However,
simulation effectiveness is highly dependent both on the “sophisti-
cation” of the mathematical model being used and on a satisfactory
description of the atmospheric disturbances.

As a second example, consider the assessment of the accuracy of
measurement procedures. Suppose we know the response equations
of the anemometry probes and we are able to build signals incor-
porating the most important characteristics of the flow we want
to simulate. Thinking of them as real-world signals (i.e., derived
from ideal acquisition instruments), one could use them to assess
the sensitivity of practical acquisition systems to calibration and
probe position errors, to establish their performance as a function
of the flow parameters, and to determine the accuracy of differ-
ent measurement and processing procedures. Similar measurement
simulations for the accuracy analysis of hot-wire procedures were
used in Ref. 1. However, in this case, only the spectra of the desired
velocity fluctuations were assigned in advance, whereas no control
on the remaining higher order moments was available.

The classical approach to generating signals with specified spec-
tral characteristics is to resort to linear filters driven by white
Gaussian noise.>*> Unfortunately, this method is not adequate in
the aforementioned applications because the processes we want to
simulate are typically non-Gaussian. Consider, for instance, the time
variations of the velocity components in a turbulent flow. The clas-
sical method provides results that, in many cases, differ from exper-
imental measurements insofar as the signals generated exhibit third-
order moments equal to zero and fourth-order moments with a fixed
relationship compared with the second-order ones.

As indicated in Refs. 4 and 5, this drawback can be partially cir-
cumvented when dealing with the generation of atmospheric turbu-
lence for flight simulators. In these papers each velocity component
is obtained as the output of a nonlinear system composed of three
linear filters driven by white Gaussian signals. The outputs of two of
them are added together and multiplied by the output of the third one
to produce y; (), i = 1,2, 3. In this way it is possible to control the
fourth-order statistics of y;(¢), but the third-order statistics as well
as the cross correlations between y; (¢) and y;(¢) cannot be chosen.
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In the following we propose a method employing linear filters
driven by intrinsically non-Gaussian white processes. This allows
us to obtain signals with given spectral characteristics and assigned
moments up to the fourth order.

The paper is organized as follows. In the next section we discuss
the application of our method to a one-dimensional case. Section
IIT deals with the general three-dimensional case, and Sec. IV de-
scribes the generation of random variables with given moments up
to the fourth. Our method involves parameters, the choice of which
is commented upon in Sec. V. Simulation results concerning two ap-
plications are illustrated in Sec. VI. Finally, conclusions are drawn
in Sec. VII.

II. One-Dimensional Problem

Consider a sequence (g;) of zero-mean and independent random
variables (RV), all with the same density function (DF). We form
the following process:

o0

y(t) = Z a;-h(t —iAt —6)

i=—00

ey

where h(t) is a real-valued function of ¢ (time), Ar is a parameter,
and @ is an RV, independent of (g;) and uniformly distributed over
the interval [0, At]. Clearly, y () can be viewed as the output of a
linear filter, with impulse response £(t), driven by

o0

x(t) = Z a; - 8(t —iAt —0)

i=—00

@

where §(¢) is the Dirac function. ;
The second-order characteristics of y(¢) are evaluated as follows.
Define the expectations:

E[@)"] = An VieZ; m=1,234 (3
Note that, by assumption,
E(@)=A;=0 Yiel @

so that y(#) is a zero-mean process. Also, it can be shown (see
Appendix A) that the autocorrelation function of y(¢) is given by
the following convolution:

Ryy(r) = él/ h@)-h(t +7)ds 5

At ),

Thus, taking the Fourier transform of Eq. (5), we get the spectral
density of y(¢) in the form

A
Sw(f) = ZIHNP (©)
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with
H(f)=/ h(t)exp(—j2nfr)dr )

Next, we concentrate on the m-order moments of y(f), say
E[y™(t)]. Since y(¢) has zero mean, the first-order moment is zero.
Also, E[y%(t)] is obtained from Eq. (5) by setting 7 = 0:

A o0
Ey* 0] = A—j / R2(r) dt ®)

In view of the concepts to be found in Appendix A, it is easily seen
that, when m is odd, one has

E[y'"(t)]=%/ A" (2)dt m=3,57... (9

When m is even, the result is more complicated. In particular, when
m = 4 we find (see Appendix B)

4y Ad=3A7 [7 )
Ely* ()] = A /_ wh (t) dt
+3A—% whz t . W2 — kA | de (10)
At - () k=Z—;o ( )

We are now in a position to make certain remarks about these
results. When H(f) = 1, Eq. (6) gives the spectral density of x(¢).
Thus, x(¢) is white. Also, the problem of finding H(f) so as to
obtain a given S,, (f) is solved by setting A, = At, in Eq. (6), and
choosing H(f) = ,/S,,(e’?P, with o(f) arbitrary.® Finally,
the particular structure of x(¢) allows us to relate the moments of
y(2) to the statistical properties of (a;) through Egs. (8-10). In other
words, we can arbitrarily assign the spectral density of y(¢) and
the moments of y(z), up to the fourth-order, by making the proper
choice of the statistical properties of (a;).

III. Three-Dimensional Case

In the three-dimensional case we look for three zero-mean pro-
cesses y;(¢), y2(t), and y;(¢) with a given covariance matrix R(7)
and spe(:lﬁed third- and fourth-order principal moments £ [y ()]
and E[y!(®)1( = 1,2,3). To this end we use three independent
white processes x; (¢), x2(t), and x3(¢), each in the form of Eq. (2),
as inputs to a linear system with a transfer matrix J((f). This ma-
trix must be chosen so that outputs y;(¢), y»(¢), and y;(¢) have an
assigned spectral matrix.

To proceed, let us call [a(l)] [a(z)] and [a(3)] the sequences cor-
respondmg to the processes x;(¢), x, (), or x3(¢) [see Eq. (2)] and
set A(1 A 2 A( ) = At. This position makes the input spectral
matnx an 1dent1ty matnx and the problem of finding JH( f) so as to
meet the specifications concerning the output spectral matrix has a
well-known solution.>* On the basis of the concepts contained in
Ref. 3, we choose JH(f) as an upper-triangular matrix, i.e.,

H, H; H;
H(f)y=| 0 Hy Hyp (1D
0 0 Hs;

and we generate y;(¢), y2(¢), and y;(¢) as indicated in Fig. 1. The
reader is referred to Ref. 3 for an in-depth discussion of this problem
and the computation of H(f). In the following we assume that the
matrix JH(f) has already been computed.

Here we concentrate on the third- and fourth-order moments of the
system output processes. For the third-order moments the following
results are obtained (see Appendix C):

i A®

E(y?)=Z_Alt_/_ myd  i=123 (12)

n
*3 > Hyy — Y3
T‘zs/
N
My
> Hy
0
%2 > Han 2 Y2
Hop My,
—|' n
xy H,, i > ¥,

Fig.1 Generation of three output processes.

Thus, solving Eq. (12) for the unknowns Agi)(z =1, 2, 3) yields

E 3
AP = gl) (13)
(1/Ar) [ B (0 dt
o EO)-TO[A0/a) [ nwa
} (l/At) [ B ar
(14)

Equations (13) and (14) provide relationships between the third-
order moments of al.(k) k = 1,2,3), ie, Agl), Agz), and Aga)’
and the desired third-order moments of the output signals, i.e.,
E(y}), E(y}), and E(y)).

For the fourth-order moments we have (see Appendix C)

ka+32g1gk

Gk=1
J#k

i=1273 (15)

where
2
AP —3[AP]
fo= ——————= / R (t) dt
At o
3[A§k>]2 o0
2 .
+T/ RL @) - [Z R JAt)] dt 16)
1——o<>
g |
EEp_ A1) d
8=~ _whk,(t)t a7

The relationships between A{", AL, and A} and the corresponding
fourth-order moments of the output signals are easily obtained from
Eqgs. (15-17).

It should be noted that the output cross moments are fixed once the
third- and fourth moments of a(") (k =1, 2, 3) are assigned. Con-
sidering, for example, the third-order cross moments, we have

8] oo
E(y,zyk)=A—3t/ B3 ()hy () de k=23 (18
—00
A(l) oo
E(y,y,f):é—/ hu (k3 (1) dt k=23 (19
A(l)
E(y}ys) = ~ f B3, ()h3(1) dt
-0
(2)
+K7 _mhgz(t)h%(t)dt 20)
A(l) 00
E(yy3) = 2 f hia(£)h3(F) dt
—00
A(Z)
3 h HR2(2) dt 21
+ A 2R 2D

-0
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[¢)]

E(y1y:2y3) = ft—/ hi(Oh2()h3(t) dt (22)

In other words, since we are using three independent sequences
[ai(k)] (k = 1, 2, 3), we can only control the principal moments of
the outputs. Were we interested in also controlling the third-order
cross moments, we should turn the input processes into

o0

7
HOEDY [ai(")JrZﬂknb}k)]-s(t—iAt—e) n=1,273
k=1

e 23)

where B;; are real-valued parameters, and in addition to [ai(")]

(n = 1,2, 3), there are now seven further independent sequences
[bgk)] (k =1,2,...,7). Relating the output moments to the input
moments gives a linear szlstem of 10 equations in 10 unknowns
AP (n = 1,2,3) and B{P(k = 1,2,...,7). The parameters f;;
must be chosen in such a way that the determinant of the system is
different from zero.

IV. Generation of Random Variables with
Given Moments

From the preceding discussion we see that, to generate y;(t)
(i = 1,2, 3) with specified statistical properties, we need random
sequences [a,.(”)] (n =1, 2, 3) with assigned moments. This may be
obtained as follows. Consider the following three RV:

w;, Gaussian with mean u, and standard deviation o;

w,, Gaussian with mean p, and standard deviation o,
1  with probability «

c= . .

0  with probability 1 — «

where 0 < o < 1. We define

Z 2 cwy + (1 - c)w, 24)
The DF of z is given by
1 245 2
=« exp| — (z — 20
P@ = p[ — @ — w1)*/207]
1
+(1 -« expl — (z — 2202 25)
1~ p[ - (z — 112)*/207 ]

We want to determine «, (41, i2, 01, and o» so that z has zero mean
and given second-, third- and fourth-order moments (say, m,, ms,
and m4),
It is easy to establish that this requires:
ap + (1 —au, =0
a(of +u3) + (1 —a)(of + u3) = my
o307 +p3) + (1 — @) (30742 + 13) = m3
oz(3o*14 + 602u3 + pf}) + (1 - oz)(3024 + 6073 + /Lg) =my

(26)

These equations may be rearranged as
1+«
3
— =1
/’v1(3(1_a) )+Ml

11—« 2 — 6a + 6a2 j —
x\/(m4—3m§) 3 + ut —ms =0

3(1 — a)? 3a
@7
) 2 — 6o + 6
af:mz—uf+\/(m4—3m§) 3 +IL‘I 3(1-&)2
(28)

o 1
a§=(mz—aaf— l_au%)-m (29)

o

po = M (30)

11—«
and may then be solved in cascade as follows.

When my > 3m? (which is a reasonable hypothesis when dealing
with problems involving turbulence fields), it can be checked that
Eq. (27) has (at least) one solution p; = py(e) forany 0 <« < 1.
One would be tempted to insert such a solution into Eq. (28) to get
o1, then to insert u; and o} into Eq. (29) to obtain o3, and finally
to insert p into Eq. (30) to get u,. Unfortunately, this process
might fail because the right-hand sides of Eq. (28) or Eq. (29) might
be negative. So, one wonders how « may be chosen to avoid this
difficulty. In this connection it can be shown that if

m2
my > m5 + m—3 31
2

then the previous solution process does work if « is close to

1
- 32)

= ; :
1+ 4(m3/m3)

In particular, @ = & turns out to be the only solution for Eq. (26)
when equality holds true in Eq. (31).

From the previous discussion we see that there is some flexibility
in the values of ,, u;, 01, and o, that we can obtain. In other words,
some control is allowed on the moments greater than four with a
proper choice of «.

V. Choice of the Parameters for Signal Generation

Now we return to the one-dimensional problem. It has been pre-
viously shown that processes x(¢) and y(t) depend on parameters
At and 0 [see Egs. (1) and (2)]. In the following we give guidelines
for the choice of such parameters. Basically, the idea is that # can be
chosen arbitrarily provided At is small enough. To prove this claim
we consider the fourth-order moment E(y* | 6) and show that it is
independent of & when 1/At > 4B, where B is the bandwidth of
filter A(#). It is not hard to see that, on the basis of these assumptions,
the lower order moments are also independent of 8.

From Appendix D we have

A, —3A2 & n
EG*10)=—" H4(—>

-explj - 27 - (t = 6)(n/An)]

00 2
1
+3A§[—A‘; Z Hz(%) ~explj - 2m - (t — 0)(n/At)]]
(33

where H, (f)(m = 2,4) is the Fourier transform of A™(¢). By
definition, the bandwidth B of A (¢) is such that

H(f)=0for|f| = B €0

Clearly, the bandwidths of H,(f) and H,(f) are B, = 2B and
B, = 4B, respectively. Assuming

1
— > 4B 35
At =

we see that all of the terms in summations (33) vanish except for
those with index n = 0. In these conditions, Eq. (33) reduces to

Ay —3A2

2
EG*|09) = ™ 2 H,(0) + 3A§[—I%(;02] (36)
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which shows that E(y* | 6) is independent of 0. In other words, if
At is chosen according to Eq. (35), 8 can be arbitrarily set, and, in
particular, we can put & = 0. In this case Eq. (1) becomes

[e o]

y(t) = Z a; - h(t —iA?) 37

i=—00
Indeed, we used Eq. (37) to generate the signals in the simulations.

VI. Simulation Results
A. Simulation of a Turbulent Flow at the Outlet of a Coaxial Jet
In this example we used the data obtained from experimental
measurements of flow velocity at the outlet of two free coaxial
jets.”® Time histories of the components of the flow velocities were
recorded at 6000 samples per second. Each acquisition lasted 65,536
samples. The measurements were made forx/D; = 3.5and y/D; =

INITIAL MERGING INTERMEDIATE FULLY MERGED
ZONE ZONE ZONE

' [
yT | measurement point |

|

!

I
reattachment |
point 1

inne{" potential
jcore

outer potential
core

outer mixing

region jet-boundary

Fig.2 Flowfield of a typical coaxial jet configuration (see Ref. 7).

2.5 L B ——r
¥/, — ]
Ullie=0.4 g
2 -
| Measurement 05

I point

1.5

Fig. 3 Isocontours of mean axial velocity normalized to internal exit
velocity, U;, (see Ref. 7).

Table 1 Comparison between assigned and obtained
results for the Reynolds tensor

Assigned Reynolds tensor Obtained Reynolds tensor

1.0 0.1941 0 1.0085  0.1968 —0.0066
0.1941 1.1827 0 0.1968  1.1782 —0.0035
0 0 1.1827 -0.0066 —0.0035  1.1782
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0.75 in the graphs in Figs. 2 and 3. Such measurements provided
information about 1) the components of the Reynolds tensor, 2) the
spectral matrix of the velocity components u# and v, 3) estimates of
their density functions, and 4) their central moments up to the fourth
order. Since no information was available about the third fluctuating
velocity component w, it was decided to put w = v. Moreover, the
cross specira of the pairs (¥, w) and (v, w) were arbitrarily set to
zero. Finally, the first velocity component was generated with a unity
mean square value.

The assigned components of the Reynolds tensor are as follows:

Re(x/D; = 3.5, y/D; = 0.75)

1.0 0.1941 0
= | 0.1941 1.1827 0
0 0 1.1827

(/5%

The signals (each 581,632 samples long) were generated at a sam-
pling rate of 6000 Hz. Results are shown in Tables 1 and 2. They
indicate that the simulation method works very well since the dif-
ferences between the actual and the desired values of the various
moments are smaller than the measurement errors achievable by
standard instrumentation.

The spectra of the signals generated are compared with the
corresponding assigned spectra in Figs. 4-7. Spectral estimates were
made by means of the Welch method by grouping the samples in
567 blocks, each of 2048 samples.

The time histories of the actual and simulated u components are
shown in Fig. 8. Finally, Figs. 9 and 10 show density functions for
u and v, as obtained from the data records and from the simulated
signals. The agreement between measured and simulated signals
is remarkable. For comparison purposes, a Gaussian DF is also
indicated, with a variance equal to the measured signal mean square
value. It should be stressed that the measured/simulated distributions
are not Gaussian. Indeed, it is clear from Table 2 that u, v, and w
all have third-order moments that are quite different from zero.

B. Generation of Gust-Induced Velocity Components

As a second example, the velocity component in an atmospheric
turbulence field was simulated. A Dryden spectrum with a turbu-
lence scale length of 533 m was used. Figure 11 shows the assigned
spectrum along with that obtained by simulation. Also, Fig. 12 il-
lustrates the DF of the simulated signal and compares it with the DF

10?2

Assigned
Simulated

: T I T Y
100 1000 10000
Frequency [Hz]

Fig. 4 Comparison between assigned and simulated spectra (# com-
ponent).

Table2 Comparison between assigned and obtained results for the third- and
fourth-order moments

Third-order principal moments

Fourth-order principal moments

Assigned Obtained Assigned Obtained
Notation value value Notation value value
uuu -1.3687 —1.3963 uuuu 6.9964 7.1620
700 = www ~0.6764 —0.6547 TUUY = Wwww 5.6536 5.5475
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Simulated
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Fig.5 Comparison between assigned and simulated spectra (v compo-
nent).
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Fig. 6 Comparison between assigned and simulated u, v cross spectra
(amplitude).
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Fig. 7- Comparison between assigned and simulated u, v cross spectra
(phase).
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Fig.8 Time histories of the actual and simulated u component.
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Fig. 9 Comparison between assigned and simulated density functions
for the ¥ component.
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Fig.10 Comparison between assigned and simulated density functions
for the v component.
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Fig. 11 Comparison between assigned (Dryden) and simulated spec-
tra.

of a Gaussian signal with the same mean square value. Note that
the simulated signal has a kurtosis value equal to 5.5, whereas its
skewness is zero.

In Fig. 13, the time histories of the simulated signal and of a
Gaussian signal are compared; also given are the time histories
of the squares of these signals. The burstlike nature of the non-
Gaussian signal should be noted; this is a well-known feature of
atmospheric turbulence, which must be reproduced in the sim-
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Fig. 12 Comparison between Gaussian and simulated density func-
tions for the w component.
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Fig. 13 Time histories of a Gaussian and a non-Gaussian (kurtosis
= 5.5) velocity component along with the signal squares.

ulations to obtain realistic time histories. This is of paramount
importance in the implementation of flight simulators because,
in general, pilots feel Gaussian turbulence is too “regular” to be
realistic.

VII. Conclusions

We have examined the problem of generating signals with given
spectral characteristics and assigned higher order moments (up to
the fourth). To this end, a bank of linear filters is used, whose in-
puts are non-Gaussian white noises. The filter impulse responses
are chosen on the basis of the spectral properties of the signals
we want to generate. The specifications on the third- and fourth-
order moments are met by generating sequences of zero mean
independent RV with specified standard deviation, skewness, and
kurtosis.

The signals generated in this way may be used to represent the
random velocity components in turbulent flows. Also, they have
interesting applications in practical situations where a Gaussian sig-
nal model is not adequate. Two applications have been described,
consisting of the simulation of a turbulent flow at the outlet of a
coaxial jet and of a velocity component in an atmospheric turbulent
field.

The results demonstrate that non-Gaussian signals with given
statistical properties can be simulated with a high degree of
accuracy.

Appendix A
From Eq. (1) we have:
Ely(t +1)y(1) | 0]

E[ Z Z aiah(t +1 — iAt — ) - h(t — kAt —9)]

i=—00 k=—00
o0
=A2Zh(t+r—im—9).h(t~im—9) (A1)
i=—00

In obtaining Eq. (A1), we made use of the linearity of E(-) and of
the fact that

A, fori = j

0 otherwise (A2)

E (a,-a j) = {
Averaging Eq. (A1) over 8 and bearing in mind that 8 is uniformly

distributed over [0, At], we have
Ely@ + )y}

Zf h(t —iAt—0) -h(t +1—iAt - 6)dd

l"'—OO
. A3
from which, substituting £ = ¢ — i At — 6, we obtain
A2 00 t—iAt
Ey( +y®l =32 ) / hE) - hE +1)dE (Ad)
i=—oo v t=(i+ 1At

and finally
A o0
Ely( +)y()] = Ry () = A—i/ h@®) -h(t+1)dt (AS)

which proves Eq. (5).

A final remark is necessary. From Eqgs. (A1) and (A5) we see that,
whereas E[y(t + t)y(¢) | 61is a function of time, E[y(t + 1)y ()]
is not. This motivates the introduction of ¢ in Eq. (1) so as to obtain
a wide-sense stationary process.

Appendix B
Making use of Eq. (1) we have
EG*|6) = E[ Z a;a;aa,h(t — At — 0)
i, jkn=—00

X h(t — jAt —O)h(t — kAt — O)h(t — nAt — 0)] B1H)

On the other hand
A4 l=]=k=n
i=jandk=nbuti #k
E(aiaaa,) = 3 A2 i=kandj=nbuti #j
i=nand j=kbuti # j
0  otherwise

so that

E[y*(1) | 0] = A, Z Bt — it —0)

i=—00

+343 ) KAt —iAt—0) Y h(t — kAt —6)
i=—00 k=—00

ik

A4—~3A)Zh4(t—tAt—9)

i=—00

o0

+342 ) N R —iA—OR @ —kAt—6)  (B2)

i=—00 k=—00
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Averaging over 6,

A, —342
EL' ()] = Z / Bt — iAt — 0)do
At
Z Z / B2t — i At — O)R2(t — kAt — 0) d6
i=—00 k==00
(B3)
and using the substitution § = ¢ — i At — 6§, we obtain
Ay — 3A2 o] r—iAt
Eyo]==5—3" / B (&) d
= Jienar
3A2 t—iAt 00
Z f {h%&) Do RE+G —k)At]] dg
i=—00 G+DAr P——.
(B4)

Next, observe that
D RHE+ G — kA= Z Rt —kAt]  (BS)
k=—00 k=—00

i.e., the sum over £ is invariant with respect to a time shift propor-
tional to Az. Hence, from Eq. (B4) we get

ﬁ:?’_A% ooh‘*(t)dt
At )

3A2 =] +00
+—A72f n2(t) - [ Z nA(t —km)] dt

=—00

E[y'(0)] =

which proves Eq. (10).

Appendix C

From Fig. 1, using * for the convolution, we have

yi = ihki *Xp = Xl:nki
=1 k=1

from which we obtain

Yi —an, +3Zn,,nkl +6 Z i 7Tk i

Jrk=1 Jik.n=1
ik k#n

i=123 (Cl)

i=1,23

€2)

Bearing in mind that the input processes are mutually independent
and zero mean, we get

E(ﬂ%fﬂk:‘) = EM;jinun.) =0 (€3)

so that

i

E(y}) =) E(n})

k=1

i=123 (C4

Reasoning as in Eq. (9), we immediately find

3 Agk) * s
E(Uki) = Xt—/ by (1) de
—00

which proves Eq. (12).

i=12,3 (C35)

In a similar way we have

an, +3 Z njies + 42 n)i e

jk=1 jok=1
J#k #k

+6 ) Wik, M

i=1,2,3 (C6)
Jkn=1
Jktn
On the other hand
E(n} ) = E(n5menm) =0 n
so that
(= ZE ) +3Z (n%)E(n2) i=123
le;kl
(C®)

from which Egs. (15-17) follow, bearing in mind Egs. (8) and (10).

Appendix D
From Eq. (A1), substituting k = —i, we obtain

E(y*|6) = (As—343) Y h*(kAt+1—0)

k=—00

00 2
+3A§[ > KAt - 9)] (D1)

k=—00

This equation can be rearranged in a more useful form by using
the Poisson summation formula’ that holds true for any A(f) with
Fourier transform H (f)

i Ak - Af) = -A% i H(—Z;) (D2)

=00 n=—o0
Making use of Eq. (D2), Eq. (D1) is transformed into Eq. (33).
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